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POSITIVE SOLUTIONS OF A NONLINEAR THREE-POINT 
EIGENVALUE PROBLEM WITH INTEGRAL BOUNDARY 

CONDITIONS 

FAOUZI HADDOUCHI, SLIMANE BENAICHA 


Abstract. In this paper, we study the existence of positive solutions of a 
three-point integral boundary value problem (BVP) for the following second- 
order differential equation 

u"(t) + A a(t)f(u(t)) =0, 0 < t < 1, 

PV 

u'(0 ) = 0, w(l) = ot u(s)ds , 

Jo 

where A > 0 is a parameter, 0<77<l,0 <a<~. By using the properties 
of the Green’s function and Krasnoselskii’s fixed point theorem on cones, the 
eigenvalue intervals of the nonlinear boundary value problem are considered, 
some sufficient conditions for the existence of at least one positive solutions 
are established. 


1. Introduction 


In this work, we study the existence of positive solutions of a three-point integral boundary 
value problem (BVP) for the following second-order differential equation: 


”(t) + \a(t)f(u(t)) =0, te (0,1), 
rv 

u'( 0) = 0, u(l) = ol / u(s)ds, 

Jo 

, A is a positive parameter, and 


(1.1) 

( 1 . 2 ) 


where 0 < 77 < 1 and 0 < a < 

(HI) /GC([0,oo),[0,oo));' 

(H2) a G C([0, 1], [0,oo)) and there exists to C [0,77] such that a(to) > 0. 

The study of the existence of solutions of multi-point boundary value problems for linear 
second-order ordinary differential equations was initiated by II’in and Moiseev m- Then Gupta 
[8] studied three-point boundary value problems for nonlinear second-order ordinary differential 
equations. Since then, the existence of positive solutions for nonlinear second order three-point 
boundary-value problems has been studied by many authors by using the fixed point theorem, 
nonlinear alternative of the Leray-Schauder approach, or coincidence degree theory. We refer the 
reader to 0, [2], [T], 0, 0, [ID], QT|, El, E2L EES], EE2], ED], EE], [23], [24], [25], [26], [37], [29], 
[30] . [32] . [33] . [34] . [35] . [36] and the references therein. 

Liu m proved the existence of single and multiple positive solutions for the three-point bound¬ 
ary value problem (BVP) 

u"{t) + a(t)f(u(t)) = 0, t G (0, 1), (1.3) 

u'(0) = 0, u(l) = (3u(r /), (1-4) 

where 0 < 77 < 1 and 0 < (3 < 1. 

Recently, Ma m studied the second-order three-point boundary value problem (BVP) 

u"(t) + A a(t)f(u(t)) = 0, t G (0,1), (1-5) 
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u( 0) = (3u(r 7 ), u(l) = au(rj), (1.6) 

where A > 0 is a parameter, a > 0, /3 > 0, 0 < 77 < 1, a E C7 ([0,1], [0,oo )) 5 / E C([0, 00 ), [0,oo)) 
and there exists xq E (0,1) such that a(x 0 ) > 0. She obtained the existence of single and multiple 
positive solutions by using Krasnoselskii’s fixed point theorem in cones m ■ 

Boundary value problems with integral boundary conditions for ordinary differential equations 
represent a very interesting and important class of problems, and arise in the study of various 
physical, biological and chemical processes, such as heat conduction, chemical engineering, under¬ 
ground water flow, thermo-elasticity, and plasma physics. They include two, three, multi-point 
and nonlocal BVPs as special cases. The existence of positive solutions for such class of problems 
has attracted much attention (see 0, 0, m, El, El. EH, EH, EH and the references therein). 

In I34| , Tariboon and Sitthiwirattham investigated the existence of positive solutions of the 
following three-point integral boundary value problem (BVP) 

u"(t) + a(t)f(u(t)) = 0, t E (0, 1), (1.7) 

n 7 

u(0) = 0, u( 1) = a u(s)ds , (1-8) 

Jo 

where 0 < rj < 1 and 0 < a < / E C([0,oo), [0, 00 )), a E C([0,1], [0,oo)) and there exists 

to E [ 77 ,1] such that a(to) > 0. They showed the existence of at least one positive solution if / is 
either superlinear or sublinear by applying Krasnoselskii’s fixed point theorem in cones E0- 
In [9], by using Leggett-Williams fixed-point theorem, the authors considered the multiplicity 
of positive solutions of the following three-point integral boundary value problem (BVP) 

u"{t) + f(t, u(t)) = 0, t E (0, T), (1.9) 

u(s)ds , (1-19) 

0 

where 0<r/ <T, 0<a<^,0</3< ’ and f e C '([ 0 ’ T ] x I 0 , 00 ), [0>°°))- 

Motivated greatly by the above-mentioned excellent works, the aim of this paper is to establish 
some sufficient conditions for the existence of at least one positive solutions of the BVP (11.11 ) and 
JL 2 }- Om ideas are similar those used in [28] . but a little different. 

We firstly give the corresponding Green’s function for the associated linear BVP and some of 
its properties. Moreover, by applying Krasnoselskii’s fixed point theorem, we derive an interval 
of A on which there exists a positive solution for the three-point integral boundary value problem 
d 1 .ID and ( 11 . 21 ). 

As applications, some interesting examples are presented to illustrate the main results. The 
key tool in our approach is the following Krasnoselskii’s fixed point theorem in a cone ns- 

Theorem 1.1. M- Let E be a Banach space, and let K C E be a cone. Assume that ^2 
are open bounded subsets of E with OEfii, fli C LI 2 , and let 

A : Kn(n 2 \ni) —> K 

be a completely continuous operator such that either 

(i) \\Au\\ < ||u||, u E K fl and ||Au|| > ||it||, uElffl dfl 2 l or 

(ii) ||Au|| > |M|, u E K fl <9Qi, and \\Au\\ < ||w||, u E K fl dLl 2 
hold. Then A has a fixed point in K D (f^ 2 \ f^i)- 

2. Preliminaries 

Lemma 2.1. Let arj 7 ^ 1. Then for y E C([0,1],R), the problem 


u"{t) + y{t) = 0 , te (0,1), 

(2.1) 

n 7 

^/(O) = 0, u(l) = a u(s)ds, 

Jo 

(2.2) 


has a unique solution 
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where G(t, s) : [0,1] x [0,1] —>• R is the Green’s function defined by 

{ 2(1 — s) — a(rj — s) 2 — 2(1 — arj)(t — s), s < min{77, t }; 

2(1 — s) — a(rj — s) 2 , t < s < 77 ; 

2(1 — s) — 2(1 — arj)(t — s), 77 < s < t; 

2(1 — s), max{77, £} < s. 


G(t,a) = 


Proof. From d2.ll) , we have 

-u(t) = 'u(O) — f (t — s)y(s)ds. 

JO 

Integrating (|2.5|) from 0 to 77 , where 77 E (0,1), we have 

rv 1 rv 

/ u(s)ds = u(0)rj - - (77 - s) 2 y(s)ds. 

Jo 2 Jo 

Since 

u( 1) = w(0) - [ (1 - s)y(s)ds, 

Jo 

from w(l) = a Jq u(s)ds, we have 

(1 - ewj)u(O) = f (1 - s)y(s)ds - f {y - s) 2 y(s)ds. 

Jo J Jo 


(2.4) 


(2.5) 


Therefore, 


x(0) = —-— f (1 - s)y(s)ds - —— -- [ (y- s) 2 y(s)ds 

1 - ay Jo 2(1 - ay) J 0 


from which it follows that 


i(t) = - f (1 — s)y(s)ds ---- 

1- ay J 0 2(1 - ay) 

- / (t - s)y(s)ds. 

Jo 


rv 

/ iv~ s) 2 y(s)ds 
Jo 


If t < 77 , then 


r(t) = f f —y(s)ds - f ^— ^-y(s)ds + f f - —y{s)ds 

Jo 1 — ay Jo 2(1 - ay) J v 1 - ay 


- [ s)yis)ds 

Jo 


2(1 — s) — a(rj — s) 2 — 2(1 — arj)(t — s ) 


f 

+ It 2(1 -ay) 

I G(t , s)y(s)ds. 

Jo 


2(1 — arj) 


f 1 1 — s 

yis)ds + / -- yis)ds 

Jr, l- ay 


2(1 — s) — a(y — s) 5 


yis)ds 


If t > 77 , then 


. 1 — s H a(rj — s) 2 f 1 1 — s 

u(t) = / -- y(s)ds - / —- —y(s)ds + / -- yis)ds 

Jo 1 - ay Jo 2(1 - ay) J t 1 - ay 

- J it- s)yis)ds 

- [" 211 -^- a( "-f- f-- •> «.&+ [' 

Jo 2(1 - arj) J t 1- arj 


2(1 — arj) 

4 (1 - s) - (1 - ay){t - s) 


+ l 

I G(t, s)y(s)ds. 

Jo 


1 — arj 


yis)ds 


This completes the proof. 


□ 
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For convenience, we define 


9{s) = 


1 


-(1-s), s G [0,1]. 


1 — arj 

For the Green’s function G(£, s), we have the following two lemmas. 

Lemma 2 . 2 . Let 0 < 77 < 1 and 0 < a < ^. Then the Green’s function in <nm > satisfies 


0 < G(t, s) < g(s), 


(2.6) 


for each s, t G [ 0 , 1 ]. 


Proof. First of all, note that by (I 2 . 4 D it follows that G(t, s) < g(s) for any (£, s) G [ 0 , 1 ] x [ 0 , 1 ]. 
Next, we will prove that G(t, s) > 0 for any (t, s) G [ 0 , 1 ] x [ 0 , 1 ]. 

If 77 < s < £, then 


G(t, s) = -2— ((1 - s) - (1 - ari)(t - s )) 

= -((1 -t) + ar/(t - s)) > 0. 

1 — an \ / 


If t < s < 77, then 


G(t ’ S) = 2(1-^) ( 2 ( 1 -^)-^~ s ) 2 ) 

> —-- ( 2(1 - S ) - 

2(1 — arj) V 77 

277 — 77 2 — s 2 


277(1 — 0:77) 
277 — 2 rj 2 
277(1 — <277) 
I-77 


1 — arj 

> 0. 


If s < min{?7, £}, then 

G(t, s ) = 


2(1 — CK77) 

We distinguish the following two cases: 
If s < 77 < t, then G(t, s ) > 0 . 

If s < t < 77, then 


0( .- L ^ ( 2 (1 - s) ~ a(»7 - s) 2 - 2(1 - m?)(t - s)) 

2 ( 1 -^) ( 2 ( l -*)-^ 2 -^ 2 + 2 a ^) 

--- ^2(1 — t) + aTj(t — 77) + as(77 - s)^ . 


G(t, s) = 

> 

> 


2(1 -ar,) ( 2(1 " ^ + 2aVt ) 

^- y ( 2 (l-t)-a(,-t) 2 ) 


2(1 — 0:77) 

2 rj — g 2 — t 2 
277(1 — CK77) 
277 — 277 2 
277(1 — a 77) 
I-77 


1 ( 2 ( 1 _ t) _fci)i) 

- 0 : 77 ) V 77 / 


1 — a?7 

> 0. 
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The proof is completed. □ 

Lemma 2.3. Let 0 < 77 < 1 and 0 < o < ^. Then for any ( t , s ) E [ 0 , 77 ] x [0,1], G(t, s) > r yg(s), 
where 

0<7 = 1 —77CL. (2.7) 


Proof. If s = 1, then by Lemma l2.2l the result follows. Now we suppose that ( t , s) E [0, 77 ] x [0,1). 
If t < s < 77 , then 


G(t, s) 

so) 


2(1 — s) — a(r) — s) 2 
2(1 - s) 

2(1 

2(1 - s) 

2 ri — r) 2 — s 2 

2r?(l - s) 


1 — s 
> 7- 


If s < i < 77, then 


G(t, s) 

9(s) 


> 

> 

> 

If t < 77 < s, then 


2(1 — s) — 01(77 — s ) 2 — 2(1 — otr})(t — s ) 

2(1 - a) 

2(1 — t) — arj 2 — as 2 + 2ar]t 
2 ( 1 -*) 

2(1 — t) — «(t 7 — t) 2 
277(1 — s) 

1 

1 - s 
7- 


Therefore, 


G(t, s) 

9(s) 


1 > 7 - 


The proof is completed. 


G(t,s)>'yg(s), (i, s) e [ 0 , 77 ] x [ 0 , 1 ]. 


□ 


Let E = G([0,1],M), and only the sup norm is used. It is easy to see that the BVP Ill.U and 
J1.2> has a solution u = u(t) if and only if u is a fixed point of operator Ay, where A\ is defined 

by 

A\u{t) = ——— [ (1 - s)a(s)f(u(s))ds - Xa —- f {r/ - s) 2 a(s)/(u(s))ds 

1 - oeq Jo 2(1 - ari) J 0 

—X f (t — s)a(s)f (u(s))ds 

Jo 

= X f G(t , s)a(s)f(u(s))ds. 

Jo 


Denote 


K = \u £ E : u > 0, min u(t) > 7 II 

l ” teio.r,] - 

where 7 is defined in H2.7D . It is obvious that K is a cone in E. 



(2.8) 


Lemma 2.4. Assume that (HI) and (H2) hold, 0 < 77 < 1 and 0 < o < ^. Then the operator 
A\ : K —¥ K is completely continuous. 
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Proof. For u E K, according to the definition of A\ , Lemma 12.21 and Lemma 12.31 it is easy to 
prove that A\K C K. By the Ascoli-Arzela theorem, it is easy to show that A\ : K —»• K is 
completely continuous. □ 


In what follows, for the sake of convenience, set 


Ai 


1 

1 — arj 



s)a(s)ds , A 2 


£ ( 2(1 - V ) + - s 2 ))a(s)ds , 


So 


lim 

14—>0 + 


/M 

U 


foo 


lim 

u —>-oo 


sn 

u 


3. Main results 


In this section, we will state and prove our main results. 

Theorem 3.1. Suppose that (HI) and (H2) hold, 0 < 77 < 1 and 0 < a < ~. If A 1/0 < A 2 / 00 , 
then for each A E —> Aif 0 )* ^ ie BVP d 1. H i and OJ /ias at least one positive solution. 

Proof. Let A E , Aif 0 )» an< l choose e > 0 such that 

1 . 1 


< A < 


(3.1) 


A 2 (/oo — e) Ai(/o + e) 

By the definition of /o, there exists pi > 0 such that 

f(u) < (/o + e)u, for n E (0, pi]. (3.2) 

Let Q Pl = {u E E : ||w|| < pi}, then from J3.1[l . (13.21) and Lemma |2.21 for any u E K D d£l Pl , 
we have 


A x u{t) = 


A f G(t , s)a(s) f (u(s))ds 

Jo 

< A / g(s)a(s)f(u(s))ds 

JO 

A pi 

= -- / (! - s)a(s) f (u(s))ds 

1 - arj J 0 

A pi 

< -- / (1 - s)a(s)(fo +e)u(s)ds 

1-ari Jo 

< AAi(/o + e)|M| < |M|, 

which yields 

||A a u|| < ||n||, for u E K D <9r2 Pl . 

Further, by the definition of /oo, there exists p 2 > 0 such that 


(3.3) 


/(“) > (foo - e)u, for u G [p 2 , oo). 


(3-4) 


Now, set p 2 — max 
that 


|2pi, £2. J and Q P2 = (uE^: ||u|| < P 2 }. Then u £ K C 1 <9Q P2 implies 
n(t) > 7 ||n|| > p 2 , t E [0, 77 ], 


and so, 
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A\u(v) = 


This implies that 


A f G(rj, s)a(s)f(u(s))ds 

Jo 


> A f G(rj, s)a(s)f(u(s))ds 

Jo 

> A f G(r), s)a(s)(foo — e)u(s)ds 

Jo 

> A7(/oo - e)|M| f G(ri,s)a(s)d. 

Jo 

= A 7 (/oo - e)||u|| 


if 


77 2(1 — s) — a(r) — s ) 2 — 2(1 — arj)(rj — s) 


= A(/oo — e)IMI 7 


7 


2(1 - arj) Jo 

AA 2 (/oo — e)||u|| > ||u||. 


2(1 — onf) 

J ^ 2(1 — 77 ) + a(rj 2 - s 2 j^a(s)d& 


a(s)ds 


||A a u|| > IMI? for u G K D dfl P2 . (3.5) 

Therefore, from US.311 . 13. 5 1 and Theorem 0 it follows that A\ has a fixed point u with pi < 
IMI < P 2 in K f| (fi P 2 \ft pl ), which is a desired positive solution of the BVP dl.il) and dl. 21 ) . □ 


By Theorem l3.ll we can easily obtain the following corollary. 

Corollary 3.2. Assume that (HI) and (H2) hold, 0 < 77 < 1 and 0 < a < ^. Then we have 

(1) If fo = 0, f 0 o = 00, then for each A G (0, 00), the BVP dl.lD and (1 1. 2D has at least one 
positive solution. 

(2) If foo = 00, 0 < fo < 00 , then for each A G (0, ^f Q ); the BVP dl.lD and d 1.2 D has at 
least one positive solution. 

(3) If fo = 0, 0 < foo < 00, then for each A G , 00) , the BVP dl.lj l and 0 has at 

least one positive solution. 

Theorem 3.3. Suppose that (HI) and (H2) hold, 0 < 77 < 1 and 0 < a < —. If A 1/00 < A 2 / 0 , 

then for each A G ( a 2 1 /o ’ ATJ—^ ^ ie dl.lD and OJ has at least one positive solution. 

Proof. Let A G ( a 2 1 /o ’ aTJ—)> an< ^ choose e > 0 such that 

- - - < A < - - -. (3.6) 

A 2 (/o-e) Ai(/oo+e) 

By the definition of fo, there exists pi > 0 such that 


f(u) > (fo - e)u, for u G (0, pi]. (3.7) 

Let Q Pl = {u G E : ||u|| < pi}. Hence, for any u G K D dfl Pl , from (ItTIIi . (|37t!i . we get 

rr 7 


A\u(rj) > A f G(ri,s)a(s)f(u(s))ds 
Jo 
n 7 

> A / G(rj, s)a(s)(fo — e)u(s)ds 
Jo 


> AA 2 (/o - e)||u|| > ||u||. 

Therefore 

||A a u|| > IMI, for u G K n dVl Pl . 
By the definition of foo, there exists po > 0 such that 


(3.8) 


f(u) < (foo + e)u, for u e [po, oo). 

Next, we consider two cases: 


(3.9) 
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If / is bounded. Let f(u) < L for all u E [0,oo). Set p 2 = max {2pi, AAiL} and Q P2 = 
{w E E : \\u\\ < P 2 }, then for u € K C 1 dfl P2 , we have 

A /*! 

< -- / (1 - s)a(s)f(u(s))ds 

1 — ari J 0 

< ALAi < P2 < ||u||. 


Therefore 

II^aHI < ||tx||, forn E If n <9fl P2 . (3.10) 

If / is unbounded, then from / E C7([0, 00 ), [0, 00 )), we know that there is p 2 '. p 2 > max {2pi,7 —1 po} 
such that 

f(u) < f(p2), for u E [0,p2] • (3-11) 

Let Q P2 = {u E E : ||ti|| < P 2 }, then for u E K D dO, P2 , we have 

A p 1 

< -- / (1 - s)a(s)f(u{s))ds 

A pi 

< -- / (1 - s)a(s)f(p 2 )ds 

1 - ctr) Jo 

< AAip 2 (/oo + e) < P2 = ||«||. 


Thus 


||A^u|| < ||u||, for u € K n <9f2 P2 . (3-12) 

It follows from Theorem ll.il that Ax has a fixed point in K n (HpjXHpj), such that pi < ||u|| < 
P2 ■ □ 


From Theorem 13.31 we have 

Corollary 3.4. Assume that (HI) and (H2) hold, 0 < r] < 1 and 0 < a < A Then we have 

(1) If fo = oo, /oo = 0, then for each A g (0, oo), t/ie BVP 11.Ill and (11.21) has at least one 
positive solution. 

(2) If /oo =0, 0 < fo < oo, then for each A E ( a 2 1 / o ’ °°^ BVP J 1.1 D and (11.2b has at 
least one positive solution. 

(3) If fo = oo, 0 < /oo < oo, then for each A E (0, -r—^—), the BVP (II.Ill and (11.211 has at 
least one positive solution. 


4. Examples 


In this section we present some examples to illustrate our main results. 

Example 4.1. Consider the boundary value problem 

u"{t) +tu p = 0, 0 < t < 1, (4.1) 

ri 

n'(0) = 0, u(l) = 2 / 4 u{s)ds. (4.2) 

Jo 

Set a = 2, r] = 1/4, a(t) = t, f(u) = u p {p E (0,1) U (1, oo). We can show that 0<a = 2<4 = 

1/p. 

Now we consider the existence of positive solutions of the problem (14.11 1 and ecu in two cases. 
Case 1: p > 1. In this case, fo = 0, /oo = oo. Then, by Corollary 13.21 the BVP (14.11) and (|4.2[l 
has at least one positive solution. 

Case 2: p E (0,1). In this case, fo = oo, /oo = 0. Then, by Corollary 1 3 .41 the BVP (14.11) and 
(14.21) has at least one positive solution. 


Example 4.2. 


Consider the boundary value problem 

„ n , a 2u 


u"(t) 


= 0, 0 < t < 1, 


(4.3) 


1 /( 0 ) = 0, u(l) = 2 I u(s)ds. (4-4) 

Jo 

Set a = 2, p = 1/3, a{t) = 1, f{u) = (aue 2u )/(b + e u -\-e 2u ). we consider the existence of positive 
solutions of the problem (El and HI into the following two cases. 
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Case 1: If a = 5, b = 8 , then /o = 5 , foo = 5. By calculating, it is easy to obtain that 
0<o = 2<3 = l/? 7 , 7 = §■ Again 

1 /■! 3 

Ai = -- / (1 -s)a(s)ds = 

1 — 077 y 0 2 

A2 = W^Io^ il ~ r,) + a(r,2 ~ s2 ^ a{s)dS = ^’ 

AC 3 A C 200 

A1/0 = A2/00 = — ■ 

By Theorem 13.11 we know that for any A g (AL, |) ) the BVP (11.31) and 114.II) has at least one 
positive solution u E C[0,1]. 

Case 2: If a = 5, b = —2, then fo = oo, foo = 5 and Ai/oo = 

Therefore, by Corollary l3.4l we know that for any A G (0, ^), the BVP (|4.3D and Il4.4|) has at 
least one positive solution u E C[0,1]. 

Example 4.3. Consider the boundary value problem 

u"{t) + \u( l-—L-)=0, 0 < t < 1, (4.5) 

5 1 + u z 

u'(0) = 0, 'u(l) = / u(s)ds , (4-6) 

Jo 

where ol = 1 , rj = 1 / 2 , a(t) = f{u) = u(l — 1 }'2 )• By calculating, we have 0 <a; = l <2 = 
1 h, 7 = fo = 0, foo = 1. Again 

A2 = fo ( 2(1 - ' ?) + a(,?2 - s2) ) a(s)ds = ^5' 

Hence, by Corollary 13.21 for any A E (^p-,oo), the BVP (|4.5|) and (|4.6I) has at least one positive 
solution u E C[0,1]. 
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